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BLOCKS OF SMALL DEFECT
YONG YANG
Abstract. Let G be a finite solvable group, let p be a prime such that p ≥ 5 and Op(G) = 1, and we
denote |G|p = pn, then G contains a block of defect less than or equal to ⌊
3n
5
⌋. Let G be a finite solvable
group and let pa be the largest power of p dividing χ(1) for an irreducible character χ of G, we show that
|G : F(G)|p ≤ p3a for p ≥ 5.
1. Introduction
It is a classical theme to study orbit structures of a finite group G over a finite, faithful
and completely reducible G-module V . One of the most important and natural questions
about orbit structure is to establish the existence of an orbit of a certain size. For a long
time, there has been a deep interest and need to examine the size of the largest possible
orbits in linear group actions. In 2004, A. Moreto´ and T.R. Wolf [22] studied the solvable
linear groups and investigated the relation of the point stabilizers CG(v) and the Fitting
subgroup series of G. They proved an important orbit theorem [22, Theorem E] and applied
it to obtain results showing that solvable groups have large character degrees and conjugacy
classes. This orbit theorem and its consequences were used to obtain a number of results on
several conjectures on class sizes, character degrees and zeros of characters.
In [27], Yang strengthened this result by showing the following. Suppose that V is a
faithful completely reducible G-module where G is a finite solvable group, then there exists
v ∈ V and K ⊳G such that CG(v) ⊆ K, where the Fitting length of K is less than or equal
to 7. An example [27, Section 4] was provided to show that the improvement is the best
possible. Although one cannot say more in general because of this example, it is possible to
show that there exits an element v ∈ V such that the p-part of CG(v) is relatively small for
all the primes p ≥ 5. In this paper, we show the following orbit theorem of solvable linear
groups. This theorem in some sense is the best possible as the semi-linear group shows us.
Theorem A. Let π0 be the set of all the primes except 2 and 3. Let G be a finite solvable
group and let V be a finite, faithful and completely reducible G-module(possibly of mixed
characteristic). Then there exists K ⊳ G, K ⊆ F2(G) and there exist two G-orbits with
representatives va, vb ∈ V such that for any H ∈ Hallpi0(G), we have CH(va) ⊆ K and
CH(vb) ⊆ K. The Hall π0-subgroup of KF(G)/F(G) and the Hall π0-subgroup of K ∩F(G)
are abelian.
Theorem A can be used to study the following problems although they look different at
the first glance.
Let G be a finite group. Let p be a prime and |G|p = p
n. An irreducible ordinary character
of G is called p-defect 0 if and only if its degree is divisible by pn. It is an interesting problem
to give necessary and sufficient conditions for the existence of p-blocks of defect zero. If a
finite group G has a character of p-defect 0, then Op(G) = 1 [6, Corollary 6.9]. Unfortunately,
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the converse is not true. Although the block of defect zero may not exist in general, one
could try to find the smallest defect d(B) of a block B of G. One of the results along this line
is proved by Espuelas and Navarro [5, Theorem A]. Let G be a (solvable) group of odd order
such that Op(G) = 1 and |G|p = p
n, then G contains a p-block B such that d(B) ≤ ⌊n/2⌋.
The bound is best possible, as shown by an example in [5]. In the same paper, they raised
the following question. If G is a finite group with Op(G) = 1, p ≥ 5, and |G|p = p
n, does G
contain a block of defect less then ⌊n
2
⌋?
Using Theorem A, we prove the following result as a partial answer to this question. The
bound we obtain here is pretty sharp since ⌊n
2
⌋ is the best one may get.
Theorem B. Let G be a finite solvable group, let p be a prime such that p ≥ 5 and Op(G) = 1,
and we denote |G|p = p
n. Then G contains a p-block B such that d(B) ≤ ⌊3n
5
⌋.
Let pa denote the largest power of p dividing χ(1) for an irreducible character χ of G.
Moreto´ and Wolf [22, Theorem A] proved that for G solvable, there exists a product θ =
χ1(1) · · ·χt(1) of distinct irreducible characters χi such that |G : F(G)| divides θ(1) and
t ≤ 19. This implies that |G : F(G)|p ≤ p
19a. They also suggest that a better bound
|G : F(G)|p ≤ p
2a might be true for all solvable groups. In fact, they believe [22, Question
2.2] that for solvable groups one may find two irreducible characters χ1 and χ2 such that
|G : F(G)| | χ1(1)χ2(1). Although it is difficult to answer this question in general, we are
able to prove a closely related result using the previous orbit theorem. As a corollary, we
show that |G : F(G)|p ≤ p
3a for p ≥ 5.
The Huppert’s ρ− σ conjectures state that there is an irreducible character χ of G and a
conjugacy class C of G such that the degree of χ and |C| are each divisible by many primes.
For the character theoretic ρ − σ problem, we define ρ(G) be those primes that divide the
degree of some irreducible character of G and σ(G) be the maximum number of primes
dividing the degree of an irreducible character of G. Huppert conjectures that |ρ(G)| can be
bounded in terms of σ(G), and if G is solvable, then even |ρ(G)| ≤ 2σ(G). Up to now the
best known bound for G solvable is |ρ(G)| ≤ 3σ(G)+ 2 by Manz of Wolf [18, Theorems 1.4].
Theorem A may be used to study Huppert’s ρ − σ conjectures and obtain the best known
bound.
Theorem A also has connections to other questions about degrees of characters and lengths
of conjugacy classes of solvable groups.
2. Notation and Lemmas
Notation:
(1) Let G be a finite group, let S be a subset of G and let π be a set of different primes. For
each prime p, we denote SPp(S) = {〈x〉 | o(x) = p, x ∈ S} and EPp(S) = {x | o(x) =
p, x ∈ S}. We denote SP(S) =
⋃
p primes SPp(S), SPpi(S) =
⋃
p∈pi SPp(S), EP(S) =⋃
p primes EPp(S) and EPpi(S) =
⋃
p∈pi EPp(S). We denote NEP(S) = |EP(S)|,
NEPp(S) = |EPp(S)| and NEPpi(S) = |EPpi(S)|. We denote NSP(S) = |SP(S)|,
NSPp(S) = |SPp(S)| and NSPpi(S) = |SPpi(S)|.
(2) Let n be an even integer, q a power of a prime. Let V be a standard symplectic
vector space of dimension n of Fq. We use SCRSp(n, q) or SCRSp(V ) to denote the
set of all solvable subgroups of Sp(V ) which acts completely reducibly on V . We
use SIRSp(n, q) or SIRSp(V ) to denote the set of all solvable subgroups of Sp(V )
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which acts irreducibly on V . Define SCRSp(n1, q1) × SCRSp(n2, q2) = {H × I|H ∈
SCRSp(n1, q1) and I ∈ SCRSp(n2, q2)}.
(3) If V is a finite vector space of dimension n over GF(q), where q is a prime power, we
denote by Γ(qn) = Γ(V ) the semi-linear group of V , i.e.,
Γ(qn) = {x 7→ axσ | x ∈ GF(qn), a ∈ GF(qn)×, σ ∈ Gal(GF(qn)/GF(q))},
and we define
Γ0(q
n) = {x 7→ ax | x ∈ GF(qn), a ∈ GF(qn)×}.
(4) We use F(G) to denote the Fitting subgroup of G. Let F0(G) ≤ F1(G) ≤ F2(G) ≤
· · · ≤ Fn(G) = G denote the ascending Fitting series, i.e. F0(G) = 1, F1(G) = F(G)
and Fi+1(G)/Fi(G) = F(G/Fi(G)). Fi(G) is the ith ascending Fitting subgroup of
G.
(5) Let π0 be the set of all the primes except 2 and 3.
Definition 2.1. Suppose that a finite solvable group G acts faithfully, irreducibly and quasi-
primitively on a finite vector space V . Let F(G) be the Fitting subgroup of G and F(G) =∏
i Pi, i = 1, . . . , m where Pi are normal pi-subgroups of G for different primes pi. Let
Zi = Ω1(Z(Pi)). We define
Ei =


Ω1(Pi) if pi is odd;
[Pi, G, · · · , G] if pi = 2 and [Pi, G, · · · , G] 6= 1;
Zi otherwise.
By possible reordering we may assume that Ei 6= Zi for i = 1, . . . , s, 0 ≤ s ≤ m and Ei = Zi
for i = s + 1, . . . , m. We define E =
∏s
i=1Ei, Z =
∏s
i=1 Zi and we define Ei = Ei/Zi,
E¯ = E/Z. Furthermore, we define ei =
√
|Ei/Zi| for i = 1, . . . , s and e =
√
|E/Z|.
Theorem 2.2, Lemma 2.3, Lemma 2.7 and Lemma 2.8 are proved in [28] and [30] but we
include the proofs here for completeness.
Theorem 2.2. Suppose that a finite solvable group G acts faithfully, irreducibly and quasi-
primitively on an n-dimensional finite vector space V over finite field F of characteristic r.
We use the notation in Definition 2.1. Then every normal abelian subgroup of G is cyclic
and G has normal subgroups Z ≤ U ≤ F ≤ A ≤ G such that,
(1) F = EU is a central product where Z = E ∩ U = Z(E) and CG(F ) ≤ F ;
(2) F/U ∼= E/Z is a direct sum of completely reducible G/F -modules;
(3) Ei is an extra-special pi-group for i = 1, . . . , s and ei = p
ni
i for some ni ≥ 1. Further-
more, (ei, ej) = 1 when i 6= j and e = e1 . . . es divides n, also gcd(r, e) = 1;
(4) A = CG(U) and G/A . Aut(U), A/F acts faithfully on E/Z;
(5) A/CA(Ei/Zi) . Sp(2ni, pi);
(6) U is cyclic and acts fixed point freely on W where W is an irreducible submodule of
VU ;
(7) |V | = |W |eb for some integer b;
(8) |G : A| | dim(W ). Assume g ∈ G\A and o(g) = s where s is a prime, then |CV (g)| =
|W |
1
s
eb;
(9) G/A is cyclic.
Proof. By [19, Theorem 1.9] there exist E˜i, Ti ⊳ G and all the following hold,
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i) Pi = E˜iTi, E˜i ∩ Ti = Zi and Ti = CPi(E˜i);
ii) E˜i is extra-special or E˜i = Zi;
iii) exp(E˜i) = pi or pi = 2;
iv) Ti is cyclic, or pi = 2 and Ti is dihedral, quaternion or semidihedral;
v) If Ti is not cyclic, then there exists Ui ⊳ G with Ui cyclic, Ui ≤ Ti, |Ti : Ui| = 2 and
CTi(Ui) = Ui;
vi) If E˜i > Zi, then Ei/Zi = Ei1/Zi × · · · ×Eid/Zi for chief factors Eik/Zi of G and with
Zi = Z(Eik) for each k and Eik ≤ CG(Eil) for k 6= l.
We define Ui = Ti if pi 6= 2. We define U =
∏m
i=1 Ui, T =
∏m
i=1 Ti, F = EU and
A = CG(U).
If pi 6= 2, then by (i),(ii),(iii) E˜i = Ω1(Pi) and therefore E˜i = Ei. If pi = 2 and assume
E˜i > Zi, E˜i/Zi =
∏
k Eik/Zi for chief factors Eik/Zi of G by (vi) and thus Eik = [Eik, G] and
E˜i = [E˜i, G]. By (v), [Ti, G, · · · , G] = 1. Thus [Pi, G,G, · · · , G] = E˜i and therefore E˜i = Ei.
The other results mainly follow from Corollary 1.10, 2.6 and Lemma 2.10 of [19]. Since
CG(F ) = CG(EU) ≤ CG(E) = T and CT (U) = U , we have CG(F ) ≤ F . Since A = CG(U),
F(G) ∩ A = CF(G)(U) = EU = F and thus A/F acts faithfully on E/Z.
Let K be the algebraic closure of F, then W ⊗FK =W1⊕W2⊕· · ·⊕Wm, where theWi are
Galois conjugate, non-isomorphic irreducible U -modules. In particular, each Wi is faithful,
dimKWi = 1. Clearly NG(Wi) ≥ CG(U) for each i. Furthermore, [NG(Wi), U ] ≤ CU(Wi)
since U is normal. Thus NG(Wi) = CG(U) = A. It follows that G/A permutes the set
{W1, . . . ,Wm} in orbits of length |G : A| and thus |G : A| | dim(W ). Since G/A permutes
the Wi fixed point freely, for all g ∈ G\A of order s where s is a prime, |CV (g)| = |W |
1
s
eb.
This proves (8).
The fact that G/A is cyclic is essentially proved in [24, Section 20]. We give an argu-
ment here for completeness. FU is a semi-simple algebra over F and dim(FU) = |U |. By
Wedderburn’s Theorem, there exist a finite number of idempotents e1, . . . , eα and eiFU is
isomorphic to a full matrix algebra over some division algebra D over F. Since FU is com-
mutative, the division algebra D is actually a field and the dimension of the matrix is 1. It
follows that eiFU is a field for all i = 1, . . . , α. Set Ki = eiFU , then Ki, . . . , Kα are fields
and FU = K1 ⊕ · · · ⊕Kα.
Since V is a quasi-primitive G-module, VU is a homogeneous FU -module. Then there
exists some j ∈ {1, . . . , α} such that ejV = V and elV = 0 for any l 6= j. Thus V is a Kj
vector space. Kj is a finite field extension of Fej. Let g ∈ G, then gKjg
−1 = Kj because
V is quasi-primitive. Define σg : Kj 7→ Kj as σg(β) = gβg
−1. σg is a field automorphism
of Kj and fixes every element of Fej. Thus σg ∈ Gal(Kj/Fej). We claim that there is a
natural map ϕ between G 7→ Gal(Kj/Fej) defined by ϕ(g) = σg. Clearly ϕ is a group
homomorphism and CG(U) ⊆ ker(ϕ). Suppose that g ∈ G, g 6∈ CG(U) and let u0 ∈ U
be a generator for U . Then u0 6= gu0g
−1 and the action of u0 on V is different than the
action of gu0g
−1 on V since the action of G on V is faithful. Thus the action of eju0 on V
is different than the action of ejgu0g
−1 on V and we know that σg(eju0) 6= eju0. Thus we
have ker(ϕ) = CG(U) = A. This proves (9). 
Lemma 2.3. Suppose that a finite solvable group G acts faithfully, irreducibly and quasi-
primitively on a finite vector space V . Using the notation in Theorem 2.2, we have |G| |
dim(W ) · |A/F | · e2 · (|W | − 1).
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Proof. By Theorem 2.2, |G| = |G/A||A/F ||F | and |F | = |E/Z||U |. Since |G/A| | dim(W ),
|E/Z| = e2 and |U | | (|W | − 1), we have |G| ≤ dim(W ) · |A/F | · e2 · (|W | − 1). 
Lemma 2.4. Suppose that a finite solvable group G acts faithfully and quasi-primitively on
a finite vector space V over the field F. Let g ∈ EPs(G) where s is a prime and we use the
notation in Theorem 2.2.
(1) If g ∈ F then |CV (g)| ≤ |W |
1
2
eb.
(2) If g ∈ A\F , s ≥ 5 and s ∤ |E|, then |CV (g)| ≤ |W |
⌊ 1
3
e⌋b.
(3) If g ∈ G\A then |CV (g)| ≤ |W |
1
s
eb.
Proof. It is proved in [19, Proposition 4.10] that for g ∈ F(G), |CV (g)| ≤ |W |
1
2
eb = |V |1/2.
Since F ≤ F(G), (1) follows.
Since CG(F ) ≤ F and g 6∈ F , [g, F ] 6= 1. Since g ∈ A = CG(U) and F = EU , [g, E] 6= 1.
Since s ∤ |E|, there exists a g-invariant q-subgroup Q ≤ E, for some prime q 6= s such that
Q is extra-special, [Q, g] = Q, [Z(Q), g] = 1, Z(Q) ⊳ G and the action of g on Q/Z(Q) is
fixed-point free. Let K be a splitting field for 〈g〉Q which is a finite extension of F and set
VK = V ⊗F K. Since dimK(CVK(g)) = dimF(CV (g)), we may consider VK instead of V . Let
0 = V0 ⊂ V1 ⊂ · · · ⊂ Vl = VK be a 〈g〉Q-composition series for VK with quotient V j = Vj/Vj−1
for j = 1, . . . , l. Thus each V j is an absolute irreducible 〈g〉Q module. Since VK is obtained
by tensoring a quasi-primitive module up to a splitting field, VK|Z(Q) is a direct sum of Galois
conjugate irreducible modules, Z(Q) is faithful on every irreducible summand of VK|Z(Q). By
the Jordan-Holder Theorem, these are the only irreducibles that can occur in V j|Z(Q) and
thus Z(Q) acts faithfully on V j . Since all nontrivial normal subgroups of 〈g〉Q contain Z(Q),
〈g〉Q is faithful on V j . Since g centralize Z(Q), V j is also an irreducible Q module. Let
|Q| = q2k+1, then by Schult’s Theorem [13, Theorem V.17.13] or Hall-Higman Theorem [14,
Theorem IX.2.6], dimK(V j) = q
k | e and dimK(CV j (g)) ≤ ⌊β · q
k⌋where,
β =
{
1
s
( q
k+s−1
qk
) if s | qk − 1;
1
s
( q
k+1
qk
) if s | qk + 1.
Assume s | qk−1 and let qk−1 = st where t ≥ 1 is an integer, then β = t+1
st+1
. Thus β ≤ 1
3
when s ≥ 5.
Assume s | qk+1 and let qk+1 = st where t ≥ 1 is an integer, then β = t
st−1
. Thus β ≤ 1
3
when s ≥ 5.
Since dimK(CVK(g)) ≤
∑
j dimK(CV j (g)), (2) holds.
(3) follows from Theorem 2.2(8). 
Lemma 2.5. Assume G satisfies Theorem 2.2 and we adopt the notation in it. Let p be a
prime and x ∈ EPp(A\F ) and assume |CE/Z(x)| =
∏
i pi
mi. We have the following:
(1) NEPp(A\F ) ≤ NEPp(A/F )|F |.
(2) NEPp(A\F ) ≤
NEPp(A/F )|F |∏
pi 6=p
pi
.
Proof. This follows from [28, Lemma 2.7]. 
Lemma 2.6. Assume that A is a normal subgroup of G and G/A is cyclic. Then we have
NSPpi0(G\A) ≤ ⌊log5(|G/A|)⌋ · |A|.
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Proof. Since G/A is cyclic,
NSPpi0(G\A) ≤
∑
p∈pi0,p||G/A|
(p− 1) · |A|/(p− 1) =
∑
p∈pi0,p||G/A|
|A| ≤ log5(|G/A|)⌋ · |A|.

Lemma 2.7. Let V be a symplectic vector space of dimension n with base field F and
G ∈ SIRSp(n,F). Assume further the action is not quasi-primitive and that N⊳G is maximal
such that VN is not homogeneous. Let VN = V1 ⊕ · · · ⊕ Vt where Vi’s are the homogeneous
N-modules and clearly t ≥ 2. Then either all Vi are non-singular or all are totally isotropic.
In the first case, dim(Vi) is even, G . H ≀ S as linear groups where H ∈ SIRSp(V1). In the
second case t = 2, V2 is isomorphic to V
∗
1 as an N-module, and we say that VN is a pair.
Proof. V is a symplectic G-module with respect to the non-singular symplectic form ( , ).
By [19, Proposition 0.2], S = G/N faithfully and primitively permutes the homogeneous
components of VN . Set I = NG(V1), by Clifford’s Theorem, V1 is an irreducible I-module.
Since the form ( , ) is G-invariant, the subspace {v ∈ V1 | (v, v
′) = 0 for all v′ ∈ V1} is
an I-submodule of V1 and the form ( , ) is either totally isotropic or non-singular on V1.
Since G transitively permutes the Vi, the G-invariant form ( , ) is simultaneously totally
isotropic or non-singular on all the Vi. If the form is non-singular on each Vj, then let
H = NG(V1)/CG(V1) and we know H ∈ SIRSp(V1), G . H ≀ S as linear groups. Hence, we
assume that each Vi is totally isotropic.
Let j ∈ {1, . . . , t}. Then, set V ⊥j = {v ∈ V | (v,vj) = 0 for all vj ∈ Vj}. For v ∈ V ,
we consider the map fv ∈ V
∗
j := HomF(Vj,F), defined by fv(vj) = (v, vj), vj ∈ Vj. Then
v 7→ fv, v ∈ V , induces a N -isomorphism between V/V
⊥
j and the dual space V
∗
j . Since VN is
completely reducible, there exists an N -module Uj such that VN = V
⊥
j ⊕ Uj . Thus Uj
∼= V ∗j
is homogeneous and Uj = Vpi(j) for a permutation π ∈ St. Then π is an involution in St and
the permutation action of S commutes with π. Hence, S acts on the orbits of π. Since π
is not the identity, and the action of S is primitive, it follows that π has a single orbit and
t = 2. 
Lemma 2.8. Let V be a symplectic vector space of dimension 2n with base field F and
G ∈ SIRSp(2n,F), |F| = p where p is a prime. Assume G acts irreducibly and quasi-
primitively on V and e = 1, then we have the following:
(1) G . Γ(p2n). G/U is cyclic and |G/U | | 2n.
(2) U . Γ0(p
2n) and |U | | pn + 1.
Proof. By [25, Proposition 3.1(1)], G may be identified with a subgroup of the semi-direct
product of GF(p2n)× by Gal(GF(p2n) : GF(p)) acting in a natural manner on GF(p2n)+.
Also G∩GF(p2n)× = U and |G∩GF(p2n)×| | pn+1. Clearly G/U is cyclic of order dividing
2n. Now (1) and (2) hold. 
Lemma 2.9. Let V be a finite, faithful irreducible G-module and G is solvable. Suppose V
is a vector space of dimension n over the field F. Let (n,F) = (4,F2), then |G| ≤ 6
2 · 2 and
NEP{2,3}′(G) ≤ 4. Also Gpi0 is abelian and Gpi0 ⊆ F(G).
Proof. G satisfies one of the following:
(1) G . S3 ≀ S2. Clearly |G| | 6
2 · 2 and Gpi0 = 1.
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(2) V is irreducible and quasi-primitive, e = 1 and G . Γ(24). |G| | 60, Gpi0 . Z5 and
Gpi0 ⊆ F(G). Clearly NEP{2,3}′(G) ≤ 4.
Hence the result holds in all cases. 
Lemma 2.10. Let n be an even integer and V be a symplectic vector space of dimension n
of field F. Let G ∈ SCRSp(n,F).
(1) Let (n,F) = (2,F2), then G . S3 and |G| | 6.
(2) Let (n,F) = (4,F2), then |G| ≤ 6
2 · 2 and NEPpi0(G) ≤ 4. Also Gpi0 is abelian and
Gpi0 ⊆ F(G).
(3) Let (n,F) = (6,F2), then |G| ≤ 6
4, NEPpi0(G) ≤ 6. Also Gpi0 is abelian and Gpi0 ⊆
F(G).
(4) Let (n,F) = (8,F2), then |G| ≤ 6
4 · 24 and NEPpi0(G) ≤ 24.
(5) Let (n,F) = (2,F3), then G . SL(2, 3) and |G| | 24.
(6) Let (n,F) = (4,F3), then |G| ≤ 24
2 · 2, NEP5(G) ≤ 64 and G has no elements with
prime order p ≥ 7. If 5 | |G|, then |G| ≤ 320.
Proof. V is a symplectic G-module with respect to the non-singular symplectic form ( , ).
If V is not irreducible, we may choose an irreducible submodule W of V of smallest possible
dimension and set dim(W ) = m. Since the form ( , ) is G-invariant, the subspace {v ∈
W | (v, v′) = 0 for all v′ ∈ W} is a submodule of W and the form ( , ) is either totally
isotropic or non-singular on W . If the form ( , ) is totally isotropic on W , then set W⊥ =
{v ∈ V | (v,w) = 0 for all w ∈ W}. For v ∈ V , we consider the map fv ∈ W
∗ := HomF(W,F),
defined by fv(w) = (v, w), w ∈ W . Then v 7→ fv, v ∈ V , induces a G-isomorphism between
V/W⊥ and the dual space W ∗. Since V is completely reducible, we may find an irreducible
G-submodule U ∼= W ∗ such that the form is non-singular on X = W ⊕ U . If the form ( , )
is totally isotropic on W and n > 2m, then V = X ⊕ X⊥ where X⊥ is not trivial. If the
form ( , ) is non-singular on W , then V = W ⊕W⊥ where W⊥ is not trivial. In both cases
we may view G . SCRSp(V1) × SCRSp(V2) as linear groups where dim(V1), dim(V2) < n.
If the form ( , ) is totally isotropic on W and n = 2m, then V = W ⊕ U and the action of
G on V is a pair. We use this fact in the following arguments.
We prove these different cases one by one.
(1) Let (n,F) = (2,F2). Then G . S3 and |G| | 6.
(2) Let (n,F) = (4,F2). Assume V is irreducible, then the result follows from Lemma 2.9.
Assume V is reducible, then G . S3 × S3, |G| | 6
2 and Gpi0 = 1.
(3) Let (n,F) = (6,F2). Assume V is irreducible and not quasi-primitive, then by
Lemma 2.7 G satisfies one of the following:
(a) t = 2 and dim(V1) = 3, the action of N on V must be a pair. Thus N . Γ(2
3)
and F(N) ∼= Z7. Gpi0
∼= Z7, |G| ≤ 21 · 2 = 42 and Gpi0 ⊆ F(G).
(b) t = 3 and G . S3 ≀ S3. Thus |G| | 6
4 and Gpi0 = 1.
Assume V is irreducible and quasi-primitive, then G satisfies one of the following:
(a) e = 1 and |G| ≤ (23 + 1) · 6 = 54 by Lemma 2.8. Clearly Gpi0 = 1.
(b) e = 3. By Theorem 2.2, A/F . SL(2, 3), |W | = 22 and dim(W ) | 2. Thus |U | = 3
and |G/A| | 2. |G| | 2 · 24 · 33 by Lemma 2.3. Clearly Gpi0 = 1.
Assume V is reducible, then G satisfies one of the following:
(a) G . GL(3, 2) × GL(3, 2) and the action of G on V is a pair. Thus G . Γ(23),
Gpi0
∼= Z7 and Gpi0 ⊆ F(G). Thus |G| ≤ 21 and NEP{2,3}′(G) ≤ 6.
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(b) G ∈ SCRSp(2, 2) × SCRSp(4, 2). Thus |G| ≤ 63 · 2, NEP{2,3}′(G) ≤ 4, Gpi0 is
abelian and Gpi0 ⊆ F(G) by (1) and (2).
Hence the result holds in all cases.
(4) Let (n,F) = (8,F2). Assume V is irreducible and not quasi-primitive, then by
Lemma 2.7 G satisfies one of the following:
(a) t = 2 and G . H ≀ S2 where H is an irreducible subgroup of GL(4, 2). By
Lemma 2.9, |G| ≤ (62 · 2)2 · 2 and NEP{2,3}′(G) ≤ 5 · 5− 1 = 24.
(b) t = 4 and G . S3 ≀ S4. Clearly |G| | 6
4 · 24 and Gpi0 = 1.
Assume V is irreducible and quasi-primitive. Since 2 ∤ e | 8, e = 1. By Lemma 2.8,
|G| | (24 + 1) · 8 = 136, Gpi0
∼= Z17 and NEP{2,3}′(G) ≤ 16.
Assume V is reducible, then G satisfies one of the following:
(a) G . GL(4, 2)×GL(4, 2) and the action of G on V is a pair. Thus by Lemma 2.9,
|G| ≤ 62 · 2 and NEP{2,3}′(G) ≤ 4.
(b) G ∈ SCRSp(4, 2)× SCRSp(4, 2). Thus |G| ≤ 64 · 4, NEP{2,3}′(G) ≤ 5 · 5− 1 = 24
by (2).
(c) G ∈ SCRSp(2, 2)× SCRSp(6, 2). Thus |G| ≤ 65, NEP{2,3}′(G) ≤ 1 · 7− 1 = 6 by
(1) and (3).
Hence the result holds in all cases.
(5) Let (n,F) = (2,F3), then G . Sp(2, 3) ∼= SL(2, 3) and |G| | 24.
(6) Let (n,F) = (4,F3). Assume V is irreducible and not quasi-primitive, then by
Lemma 2.7 G satisfies one of the following:
(a) t = 2 and the form is totally isotropic on V1, the action of N on V is a pair.
|N | | |GL(2, 3)| = 48 and |G| | 96.
(b) t = 2 and the form is non-singular on V1, G . SL(2, 3) ≀S2. Thus |G| | 24
2 · 2 and
Gpi0 = 1.
Assume further the action of G on V is quasi-primitive. It is well known that a
maximal subgroup of Sp(4, 3) is isomorphic to one of the five groups M1,M2,M3,M4
andM5, whereM1 ∼= SL(2, 3)≀S2 and |M2| = |M3| = 2
4·34, |O3(M2)| = |O3(M3)| = 3
3,
M4 = 2.S6, M5 = (D8  Q8).A5. We can hence assume G is maximal among the
solvable subgroups of M2,M3,M4 or M5. Assume G is a subgroup of M2 or M3, then
clearly |G| | 48. Assume G is a subgroup of M4, it is not hard to show that |G| | 96
or |G| | 40. Assume G is a subgroup of M5, then G ∼= (D8  Q8).L where L is S3,
A4 or F10 and thus we know |G| ≤ 384 and |G| ≤ 320 if 5 | |G|. It is checked by
GAP [7] that for all G quasi-primitive and |G| ≤ 384, NEP5(G) ≤ 64 and G will have
no elements with other prime order.
Assume V is reducible, then G satisfies one of the following:
(a) G . GL(2, 3)× GL(2, 3) and the action of G on V is a pair. Thus |G| | 48 and
Gpi0 = 1.
(b) G . SL(2, 3)× SL(2, 3). Thus |G| | 242 and Gpi0 = 1.
Hence the result holds in all cases.

Lemma 2.11. Let G be a finite solvable group on a finite set Ω. Then there exists a subset
∆ ⊆ Ω such that StabG(∆) is a {2, 3}-group. Here, ∆ can be chosen to have non-empty
intersection with every orbit of G on Ω.
Proof. This is [19, Corollary 5.7(a)]. 
8
3. Orbit theorems
In this section, we prove the key orbit theorem of this paper. The proof relies on some of
my previous work. [28] and [29] give a complete list of e such that a solvable quasi-primitive
group G will have regular orbits on V . Based on this, we have the following.
Theorem 3.1. Suppose that a finite solvable group G acts faithfully, irreducibly and quasi-
primitively on a finite vector space V . By Theorem 2.2, G will have a uniquely determined
normal subgroup E which is a direct product of extra-special p-groups for various p and
e =
√
|E/Z(E)|. Assume e = 5, 6, 7 or e ≥ 10 and e 6= 16, then G will have at least two
regular orbits on V .
Proof. This is [28, Theorem 3.1] and [29, Theorem 3.1]. 
Theorem 3.2. Let G be a finite solvable group and let V be a finite, faithful, irreducible
and quasi-primitive G-module. Then there exists a normal subgroup K ⊆ F2(G) and there
exist two G-orbits with representatives va, vb ∈ V such that for any H ∈ Hallpi0(G), we have
CH(va) and CH(vb) ⊆ K. The Hall π0-subgroup of KF(G)/F(G) and the Hall π0-subgroup
of K ∩F(G) are abelian. Furthermore, either COpi0(K∩F(G))(va) = 1 or COpi0 (K∩F(G))(vb) = 1.
Proof. We adopt the notation in Theorem 2.2. By Theorem 3.1, we may assume e =
1, 2, 3, 4, 8, 9, 16. Since e is not divisible by a prime p ≥ 5, we may assume that |G/A||A/F |
is divisible by some prime p ≥ 5. Otherwise the result is clear since all the elements of
π0-order that belong to F(G) act fixed point freely on any nontrivial vectors of V .
In order to show that G has two π0-regular orbits on V it suffices to check that∣∣∣∣∣∣
⋃
P∈SPpi0 (G)
CV (P )
∣∣∣∣∣∣+ |G| < |V |.
We will divide the set SPpi0(G) into a union of sets Ai. Clearly
∣∣∣⋃P∈SPpi0 (G)CV (P )
∣∣∣ ≤∑
i
∣∣⋃
P∈Ai
CV (P )
∣∣. We will find βi < e such that |CV (P )| ≤ |W |βib for all P ∈ Ai. We will
find ai such that |Ai| ≤ ai. Since |V | = |W |
eb, it suffices to check that∑
i
ai · |W |
βib/|W |eb + |G|/|W |eb < 1.
We call this inequality ⋆.
Assume e = 16. Define A1 = {〈x〉 | x ∈ EPpi0(A\F )}. Thus |CV (P )| ≤ |W |
5b for all P ∈
A1 by Lemma 2.4(2) and we set β1 = 5. |A1| ≤ 24 · 2
8 · (|W | − 1)/2/4 = a1 by Lemma 2.5(2)
and Lemma 2.10(4). Define A2 = {〈x〉 | x ∈ EPpi0(G\A)}. Thus |CV (P )| ≤ |W |
8b for all
P ∈ A2 by Lemma 2.4(3) and we set β2 = 8. |A2| ≤ ⌊log5(dim(W ))⌋·24·6
4 ·28 ·(|W |−1) = a2
by Lemma 2.6. |G| ≤ dim(W ) · 24 · 64 · 28 · (|W |−1). It is routine to check that ⋆ is satisfied.
Assume e = 9.
Assume that p | |G/A| for some p ≥ 5. Thus p | dim(W ). Since p | dim(W ) and 3 | |W |−1,
|W | ≥ 4p. Define A1 = {〈x〉 | x ∈ EPpi0(A\F )}. Thus |CV (P )| ≤ |W |
3b by Lemma 2.4(2)
for all P ∈ A1 and we set β1 = 3. |A1| ≤ 64 · 3
4 · (|W | − 1)/3/4 = a1 by Lemma 2.5(2) and
Lemma 2.10(6). Define A2 = {〈x〉 | x ∈ EPpi0(G\A)}. Thus |CV (P )| ≤ |W |
9
5
b for all P ∈ A2
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and we set β2 =
9
5
by Lemma 2.4(3). |A2| ≤ ⌊log5(dim(W ))⌋ · 24
2 · 2 · 34 · (|W | − 1) = a2 by
Lemma 2.6. |G| ≤ dim(W ) · 242 · 2 · 34 · (|W | − 1). It is routine to check that ⋆ is satisfied.
Assume that p ∤ |G/A| for any p ≥ 5. Thus we may assume that p | |A/F | for some p ≥ 5.
|A/F | ≤ 320 by Lemma 2.10(6). Define A1 = {〈x〉 | x ∈ EPpi0(A\F )}. Thus |CV (P )| ≤
|W |3b for all P ∈ A1 by Lemma 2.4(2) and we set β1 = 3. |A1| ≤ 64 · 3
4 · (|W | − 1)/3/4 = a1
by Lemma 2.5(2) and Lemma 2.10(6). |G| ≤ dim(W ) · 320 · 34 · (|W | − 1). It is routine to
check that ⋆ is satisfied.
Assume e = 8. Since (A/F )pi0 is abelian and (A/F )pi0 ⊆ F(A/F ), we may assume that
p | |G/A| for some p ≥ 5. Thus p | dim(W ). Since p | dim(W ) and 2 | |W | − 1, |W | ≥ 3p.
Define A1 = {〈x〉 | x ∈ EPpi0(A\F )}. Thus |CV (P )| ≤ |W |
2b for all P ∈ A1 by Lemma 2.4(2)
and we set β1 = 2. |A1| ≤ 6·2
6 ·(|W |−1)/2/4 = a1 by Lemma 2.5(2) and Lemma 2.10(3). De-
fine A2 = {〈x〉 | x ∈ EPpi0(G\A)}. Thus |CV (P )| ≤ |W |
8
5
b for all P ∈ A2 by Lemma 2.4(3)
and we set β2 =
8
5
. |A2| ≤ ⌊log5(dim(W ))⌋ · 6
4 · 26 · (|W | − 1) = a2 by Lemma 2.6.
|G| ≤ dimW · 64 · 26 · (|W | − 1). It is routine to check that ⋆ is satisfied.
Assume e = 4. Since (A/F )pi0 is abelian and (A/F )pi0 ⊆ F(A/F ), we may assume that
p | |G/A| for some p ≥ 5. Thus p | dim(W ). Since p | dim(W ) and 2 | |W | − 1, |W | ≥ 3p.
Define A1 = {〈x〉 | x ∈ EPpi0(A\F )}. |CV (P )| ≤ |W |
b for all P ∈ A1 by Lemma 2.4(2) and
we set β1 = 1. |A1| ≤ 4 · 2
4 · (|W | − 1)/2/4 = a1 by Lemma 2.5(2) and Lemma 2.10(2). De-
fine A2 = {〈x〉 | x ∈ EPpi0(G\A)}. Thus |CV (P )| ≤ |W |
4
5
b for all P ∈ A2 by Lemma 2.4(3)
and we set β2 =
4
5
. |A2| ≤ ⌊log5(dim(W ))⌋ · 6
2 · 2 · 24 · (|W | − 1) = a2 by Lemma 2.6.
|G| ≤ dimW · 62 · 2 · 24 · (|W | − 1). It is routine to check that ⋆ is satisfied.
Assume e = 3. Since (A/F )pi0 = 1, we may assume that p | |G/A| for some p ≥ 5.
Thus p | dim(W ). Since p | dim(W ) and 3 | |W | − 1, |W | ≥ 4p. Define A1 = {〈x〉 | x ∈
EPpi0(G\A)}. Thus |CV (P )| ≤ |W |
3
5
b for all P ∈ A1 by Lemma 2.4(3) and we set β1 =
3
5
.
|A1| ≤ ⌊log5(dim(W ))⌋ ·24 ·3
2 · (|W |−1) = a1 by Lemma 2.6. |G| ≤ dimW ·24 ·9 · (|W |−1).
It is routine to check that ⋆ is satisfied.
Assume e = 2. Since (A/F )pi0 = 1, we may assume that p | |G/A| for some p ≥ 5.
Thus p | dim(W ). Since p | dim(W ) and 2 | |W | − 1, |W | ≥ 3p. Define A1 = {〈x〉 | x ∈
EPpi0(G\A)}. Thus |CV (P )| ≤ |W |
2
5
b for all P ∈ A1 by Lemma 2.4(3) and we set β1 =
2
5
.
Since Aut(S3) ∼= S3 and Aut(Z3) ∼= Z2, all the elements of prime order p ≥ 5 in G\A acts
trivially on A/F . Since G/A is cyclic, NSPpi0(G/F ) ≤ log5(dim(W )). It is easy to see that
|A1| ≤ ⌊log5(dim(W ))⌋ · 2
2 · (|W | − 1) = a1. |G| ≤ dimW · 6 · 4 · (|W | − 1). It is routine to
check that ⋆ is satisfied.
Assume e = 1, we have G ≤ Γ(V ). We know that fl(G) ≤ 2, (F2(G)/F(G))pi0 and F(G)pi0
are abelian. 
We now restate Theorem A for convenience. This theorem may be viewed as the linear
group analog of Lemma 2.11.
Theorem A. Let G be a finite solvable group and let V be a finite, faithful and completely
reducible G-module(possibly of mixed characteristic). Then there exists K ⊳ G, K ⊆ F2(G)
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and there exist two G-orbits with representatives va, vb ∈ V such that for any H ∈ Hallpi0(G),
we have CH(va) ⊆ K and CH(vb) ⊆ K. The π0-subgroup of KF(G)/F(G) and the π0-
subgroup of K ∩ F(G) are abelian. Furthermore, COpi0 (K∩F(G))(va) ∩COpi0 (K∩F(G))(vb) = 1.
Proof. We consider minimal counterexample on |G|+ dim V .
Step 1. V is an irreducible G-module. Assume not, we have V = V1 ⊕ V2 and each Vi is
a non-trivial G-module. Let Ci = CG(Vi) and Vi is a faithful G/Ci-module. Let Gi = G/Ci
and we know that G . G1 × G2. There exists via, vib ∈ Vi where via, vib are in different
Gi orbits and Ki ⊳ Gi such that for any Hi ∈ Hallpi0(Gi), CHi(via) ⊆ Ki ⊆ F2(Gi) and
CHi(vib) ⊆ Ki ⊆ F2(Gi). Also the π0-subgroup of KiF(Gi)/F(Gi) and the π0-subgroup of
Ki ∩ F(Gi) are abelian and CHi∩F(G)(via) ∩CHi∩F(G)(vib) = 1.
Let va = v1a + v2a, vb = v1b + v2b and K = G ∩ (K1 × K2). Let H ∈ Hallpi0(G) and
Hi = HCi/Ci. CH(va) ⊆ CH1(v1a)×CH2(v2a) ⊆ K1×K2. CH(vb) ⊆ CH1(v1b)×CH2(v2b) ⊆
K1 × K2. Clearly KF(G)/F(G) ⊆ K1F(G1)/F(G1) × K2F(G2)/F(G2) and K ∩ F(G) ⊆
K1 ∩ F(G1)×K2 ∩ F(G2).
COpi0(K∩F(G))(v1a+v2a)∩COpi0 (K∩F(G))(v1b+v2b) ⊆ (COpi0 (K1∩F(G1))(v1a)∩COpi0(K1∩F(G1))(v1b))×
(COpi0(K2∩F(G2))(v2a) ∩COpi0(K2∩F(G2))(v2b)) = 1.
Step 2. If V is not quasi-primitive and there exists a normal subgroup N of G such that
VN = V1 ⊕ · · · ⊕ Vm for m > 1 homogeneous components Vi of VN . If N is maximal with
this property, then S = G/N primitively permutes the Vi. Also V = V
G
1 , induced from
NG(V1). Let L1 = NG(V1)/CG(V1), then L1 acts faithfully and irreducibly on V1 and G is
isomorphic to a subgroup of L1 ≀S. Now, by induction, L1 has at least two orbits of elements
with representatives v1, u1 ∈ V1 and K1 ⊳ L1 such that for H1 ∈ Hallpi0(CL1(v1)) or H1 ∈
Hallpi0(CL1(u1)) we have H1 ⊆ K1 ⊆ F2(L1). Also the π0-subgroup of K1F(L1)/F(L1) and
the π0-subgroup of K1∩F(L1) are abelian. Also COpi0(K1∩F(L1))(v1)∩COpi0(K1∩F(L1))(u1) = 1.
By Lemma 2.11, there exist two G-orbits with representatives va, vb ∈ V and K ⊳ G such
that for H ∈ Hallpi0(CG(va)) or H ∈ Hallpi0(CG(vb)) we have H ⊆ K ⊆ F2(G). Also the
π0-subgroup of KF(G)/F(G) and the π0-subgroup of K ∩ F(G) are abelian. Furthermore,
COpi0(K∩F(G))(va) ∩COpi0(K∩F(G))(vb) = 1.
Step 3. V is quasi-primitive, the claim follows by Theorem 3.2. Final contradiction. 
Theorem 3.3. Let G be a finite solvable group and let V be a finite, faithful and completely
reducible G-module(possibly of mixed characteristic). Let p be a prime and p ≥ 5. Then
there exists K ⊳ G, K ⊆ F2(G) and there exists a G-orbit with representative v ∈ V such
that for any P ∈ Sylp(G) we have CP (v) ⊆ K. Also the p-subgroup of KF(G)/F(G) and the
p-subgroup of K ∩ F(G) are abelian. Furthermore, |COp(K∩F(G))(v)| ≤ |Op(K ∩ F(G))|
1/2.
Proof. By Theorem A, there exist two G-orbits with representatives va, vb ∈ V and K ⊳ G
such that for H ∈ Hallpi0(G), we have CH(va) ⊆ K ⊆ F2(G) and CH(vb) ⊆ K ⊆ F2(G). The
π0-subgroups of KF(G)/F(G) and K ∩ F(G) are abelian. Furthermore COpi0(K∩F(G))(va) ∩
COpi0(K∩F(G))(vb) = 1. Let P ∈ Sylp(G), then P ⊆ H ∈ Hallpi0(G) for some H . Thus
CP (va) ⊆ CH(va) ⊆ K ⊆ F2(G) and CP (vb) ⊆ CH(vb) ⊆ K ⊆ F2(G). Also the p-subgroups
of KF(G)/F(G) and K ∩ F(G) are abelian.
Let P1 = Op(K ∩ F(G)), then CP1(va) ∩ CP1(vb) = 1. Since |CP1(va)| · |CP1(vb)| =
|CP1(va)|·|CP1(vb)|
|CP1(va)∩CP1 (vb)|
= |CP1(va)CP1(vb)| ≤ |P1|. It follows that, either |CP1(va)| ≤
√
|P1| or
|CP1(vb)| ≤
√
|P1|. 
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4. Blocks of small defect
Let G be a finite group. Let p be a prime and |G|p = p
n. An irreducible ordinary character
of G is called p-defect 0 if and only if its degree is divisible by pn. By [6, Theorem 4.18],
G has a character of p-defect 0 if and only if G has a p-block of defect 0. An important
question in the modular representation theory of finite groups is to find the group-theoretic
conditions for the existence of characters of p-defect 0 in a finite group. It is an interesting
problem to give necessary and sufficient conditions for the existence of p-blocks of defect
zero. If a finite group G has a character of p-defect 0, then Op(G) = 1 [6, Corollary 6.9].
Unfortunately, the converse is not true. Zhang [31] and Hiroshi [11, 12] provided various
sufficient conditions where a finite group G has a block of defect zero.
Although the block of defect zero may not exist in general, one could try to find the
smallest defect d(B) of a block B of G. One of the results along this line is given by [5,
Theorem A]. In [5], Espuelas and Navarro bounded the smallest defect d(B) of a block B of
G using the p-part of G. Using an orbit theorem [4, Theorem 3.1] of solvable linear groups
of odd order, they showed the following result. Let G be a (solvable) group of odd order
such that Op(G) = 1 and |G|p = p
n, then G contains a p-block B such that d(B) ≤ ⌊n/2⌋.
The bound is best possible, as shown by an example in [5].
It is not true in general that there exists a block B with d(B) ≤ ⌊n/2⌋, as G = A7(p = 2)
shows us. However, the counterexamples where only found for p = 2 and p = 3. By work
of Michler and Willems [17, 26] every simple group except possibly the alternating group
has a block of defect zero for p ≥ 5. The alternating group case was settled by Granville
and Ono in [10] using number theory. In fact, they proved the t-core partition conjecture
and the most difficult case was handled by modular forms. Based on this, the following
question raised by Espuelas and Navarro [5] seems to be natural. If G is a finite group with
Op(G) = 1, p ≥ 5, and |G|p = p
n, does G contain a block of defect less then ⌊n
2
⌋?
In this section, we study this question and show that for solvable group G, Op(G) = 1
and p ≥ 5, G contains a block of defect less than or equal to ⌊3n
5
⌋. The proof relies on the
previous orbit theorem (Theorem 3.3). The bound we obtain here is pretty sharp since ⌊n
2
⌋
is the best one may get. We restate Theorem B for convenience.
Theorem B. Let G be a finite solvable group such that Op(G) = 1 for p ≥ 5 and let
|G|p = p
n. Then G contains a p-block B such that d(B) ≤ ⌊3n
5
⌋.
Proof. Induction on |G|. Consider G˜ = G/Φ(G). As F(G/Φ(G)) = F(G)/Φ(G), we have
that Op(G˜) = 1 and |G˜|p = |G|p. If Φ(G) 6= 1, then the result is true for G˜. Let B˜ be a
p-block of G˜ such that d(B˜) < ⌊3n
5
⌋. By [6, Lemma V.4.3], there exists a p-block B of G
such that d(B) = d(B˜). Hence we may assume that Φ(G) = 1.
Now, V = Irr(F(G)) is a faithful and completely reducible G¯ = G/F(G)-module (over
different fields, possibly). Put V = V1 ⊕ · · · ⊕ Vt, where each Vi is an irreducible G¯-module.
Define Ki = CG¯(Vi) and Gi = G¯/Ki. By Theorem 3.3, there exists a normal subgroup
K ⊆ F2(G¯) and there exists a G¯-orbit with representatives λ ∈ V such that for any P ∈
Sylp(G¯) we have CP (λ) ⊆ K. Also the p-subgroup of KF(G¯)/F(G¯) and the p-subgroup of
K ∩ F(G¯) are abelian. Furthermore, |COp(K∩F(G¯))(λ)| ≤ |Op(K ∩ F(G¯))|
1/2. Let pn = |G¯|p,
pn1 = |K ∩ F(G¯)|p, p
n2 = |KF(G¯) : F(G¯)|p and p
n3 = |G¯ : K|p. Clearly n = n1 + n2 + n3.
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Take χ ∈ Irr(G) lying over λ and let B be the p-block of G containing χ. As F(G) is a p′-
group, [6, Lemma V.2.3] shows that every irreducible character ψ in B has λ as an irreducible
constituent. Now ψ(1)p ≥ |G¯ : CG¯(λ)|p · |K ∩ F(G¯)|
1/2
p ≥ pn3 · pn1/2 by Theorem 3.3.
Let P/F(G¯) be the Sylow p-subgroup of KF(G¯)/F(G¯) and let P be the preimage of it.
Let Y = Op′(F(G¯)), observe that W = Irr(Y/Φ(Y )) is a faithful and completely reducible
P/F(G¯)-module. Since P/F(G¯) is abelian, there exists µ ∈ W such that CP (µ) = F(G¯).
We may view µ as a character of the preimage X of Y in G. Observe that X is a p′-group.
Take ξ ∈ Irr(G) lying over µ. Now ξ lies over an irreducible character φ of P lying over µ.
Clearly, φ(1)p ≥ |P/F(G¯)| = p
n2. As P is normal in G, we have ξ(1)p ≥ φ(1)p ≥ p
n2 . Let
B be the p-block of G containing ξ. As X is a p′-group, [6, Lemma V.2.3] shows that every
irreducible character δ in B has µ as an irreducible constituent and δ(1)p ≥ p
n2 .
Let P1/F(G) be the Sylow p-subgroup of K ∩ F(G¯) and let P1 be the preimage of it.
Since P1/F(G) is normal in G/F(G), V = Irr(F(G)) is a faithful and completely reducible
P1/F(G)-module. Since P1/F(G) is abelian, using a similarly argument as the previous
paragraph, we may find a block B such that every irreducible character ϕ in B satisfies
ϕ(1)p ≥ |K ∩ F(G¯)|p = p
n1 .
We know there is a block B such that for every irreducible character α in B, α(1)p ≥
max(pn3 · pn1/2, pn2, pn1). It is not hard to see that α(1)p ≥ p
2n
5 and thus d(B) ≤ ⌊3n
5
⌋. 
Remark: Although the result for the solvable group case is satisfactory, the conjecture of
Espuelas and Navarro for arbitrary finite groups is wide open.
5. p part of |G : F(G)| and irreducible character degrees
If P is a Sylow p-subgroup of a finite group G it is reasonable to expect that the degrees
of irreducible characters of G somehow restrict those of P . Let pa denote the largest power
of p dividing χ(1) for an irreducible character χ of G and b(P ) denote the largest degree of
an irreducible character of P . Conjecture 4 of Moreto´ [20] suggested log b(P ) is bounded as
a function of a. Moreto´ and Wolf [22] have proven this for G solvable and even something a
bit stronger, namely the logarithm to the base of p of the p-part of |G : F(G)| is bounded in
terms of a. In fact, they showed that |G : F(G)|p ≤ p
19a. Moreto´ and Wolf [22] also proved
that |G : F(G)|p ≤ p
2a for odd order groups, this can also be deduced from [5]. This bound
is best possible, as shown by an example in [5]. It is possible that pa < b(P ) at least when
p = 2, as shown by an example of Isaacs [20, Example 5.1].
Moreto´ and Wolf [22] suggested that a better bound |G : F(G)|p ≤ p
2a might be true for
all solvable groups. In fact, they believe [22, Question 2.2] that for solvable groups one may
find two irreducible characters χ1 and χ2 such that |G : F(G)| | χ1(1)χ2(1). Although it is
difficult to answer this question in general, we are able to prove a closely related result using
the previous orbit theorem. As a corollary, we show that |G : F(G)|p ≤ p
3a for p ≥ 5.
The following result is closely related to [22, Theorem A].
Theorem 5.1. If G is solvable, there exists a product θ = χ1χ2χ3 of distinct irreducible
characters χ1, χ2 and χ3 such that |G : F(G)|pi0 divides θ(1).
Proof. By Theorem A, we may choose χ ∈ Irr(G) and K ⊳G such that F(G) is not in Kerχ
and |G : K|pi0 divides χ(1). We can choose φ ∈ Irr(G) such that F(G) is in Kerφ and
|KF2(G) : F2(G)|pi0 divides φ(1). We can choose µ ∈ Irr(G) such that F(G) is not in Kerµ
and |K ∩ F(G) : F(G)|pi0 divides µ(1).
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Then φ is distinct since F(G) is in Kerφ but not in Kerχ and Kerµ. If µ is χ, the product
θ = χφ satisfies the conclusion. Else θ = χφµ does. 
The following result is closely related to [22, Theorem A’].
Theorem 5.2. If G is solvable, there exist conjugacy classes C1, C2 and C3 such that
|G : F(G)|pi0 divides |C1||C2||C3|.
The following result improves [22, Corollary B] for p ≥ 5.
Corollary 5.3. Suppose that pa+1 does not divide χ(1) for all χ ∈ Irr(G) and let P ∈ Sylp(G)
where p ≥ 5. If G is solvable, then |G : F(G)|p ≤ p
3a, b(P ) ≤ p4a and dl(P ) ≤ log2 a+ 7.
Proof. There exists a product θ = χ1χ2χ3 of distinct irreducible characters χi such that
|G : F(G)|pi0 divides θ(1) by Theorem 5.1 and so |G : F(G)|p ≤ p
3a. If P ∈ Sylp(G), then
b(P ) ≤ |P : Op(G)||b(Op(G))| = |G : F(G)|p|b(Op(G))| ≤ p
3apa = p4a.
Now, we want to prove the last part of the statement. By [16, Theorem 12.26] and
the nilpotency of P , we have that P has an abelian subgroup B of index at most b(P )4.
By [23, Theorem 5.1], we deduce that P has a normal abelian subgroup A of index at most
|P : B|2. Thus, |P : A| ≤ |P : B| ≤ b(P )8s, where b(P ) = ps. By [13, Satz III.2.12],
dl(P/A) ≤ 1 + log2(8s) and so dl(P ) ≤ 2+ log2(8s) = 5+ log2(s). Since s is at most 4a, the
result follows. 
We now state the conjugacy analogs of Theorem 5.3. Given a group G, we write b∗(G)
to denote the largest size of the conjugacy classes of G. The following result improves [22,
Corollary B’] for p ≥ 5.
Corollary 5.4. Suppose that pa+1 does not divide |C| for all C ∈ cl(G) and let P ∈ Sylp(G)
where p ≥ 5. If G is solvable, then |G : F(G)|p ≤ p
3a, b∗(P ) ≤ p4a and |P ′| ≤ p2a(4a+1).
Proof. The first statement follows directly from Theorem 5.2. Write N = Op(G). It is clear
that |N : CN(x)| divides |G : CG(x)| for all x ∈ G. Thus, if we take x ∈ P we have that
|clP (x)| = |P : CP (x)| ≤ |P : N ||N : CN (x)| ≤ p
3apa = p4a
Finally, to obtain the bounds for the order of P ′ is suffices to apply a theorem of Vaughan-Lee
[14, Theorem VIII.9.12]. 
6. Huppert ρ− σ conjectures
In this section we discuss Huppert’s ρ− σ conjectures.
If n is a positive integer, we denote by π(n) the set of all prime divisors of n. Let χ be an
irreducible complex character of a group G, we denote by π(χ) the set of all prime divisors
of the degree χ(1) of χ. We define
σ(G) = max{|π(χ)| : χ ∈ Irr(G)} and ρ(G) =
⋃
χ∈Irr(G)
π(χ).
Thus ρ(G) are those primes that divide the degree of some irreducible character of G and
σ(G) is the maximum number of primes dividing the degree of an irreducible character of
G. By Ito’s theorem, ρ(G) is precisely the set of all primes p such that G does not have a
normal abelian Sylow p-subgroup.
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Similarly, if g ∈ G, we denote by π(gG) the set of all prime divisors of |G : CG(g)|, the
size of the conjugacy class of g ∈ G. We define
σ∗(G) = max{|π(gG)| : g ∈ G} and ρ∗(G) =
⋃
g∈G
π(gG).
Thus ρ∗(G) is the set of all prime divisors of the sizes of conjugacy classes of G. It is an
elementary fact that ρ∗(G) = π(G/Z(G)). σ∗(G) is the maximum number of distinct primes
dividing the order of some conjugacy class of G.
A lot of research has been made on character degrees of finite groups since the eighties due
to the interest of B. Huppert. One of the main problems that Huppert raised was his well-
known ρ− σ conjectures. The Huppert’s ρ− σ conjectures state that there is an irreducible
character χ of G and a conjugacy class C of G such that the degree of χ and |C| are each
divisible by many primes. Huppert’s ρ− σ conjecture is a problem of central importance in
group theory and character theory; many people are devoted to the study of this problem.
For the character theoretic ρ−σ problem, Huppert conjectured that |ρ(G)| can be bounded
in terms of σ(G), and if G is solvable, then even |ρ(G)| ≤ 2σ(G). In [21] Moreto proved
that, for any group G, |ρ(G)| ≤ 4σ(G)2 + 6.5σ(G) + 13. This bound was improved to
|ρ(G)| ≤ 7σ(G) by Casolo and Dolfi [3, Theorem 1]. Up to now the best known bound for G
solvable is |ρ(G)| ≤ 3σ(G) + 2 and even |ρ(G)| ≤ 3σ(G) for |G| odd by Manz and Wolf [18,
Theorems 1.4 and 1.5].
For the conjugacy class ρ∗− σ∗ problem, Huppert also conjectured that |ρ∗(G)| ≤ 2σ∗(G)
for G solvable. Casolo [1] showed that |ρ∗(G)| ≤ 2σ∗(G) for a very large family of groups.
But Casolo and Dolfi [2] disproved the obvious conjecture by constructing solvable groups
Gn for which |ρ
∗(Gn)|/σ
∗(Gn)→ 3 as n→∞. In [21] Moreto proved that, for any group G,
|ρ(G)| ≤ 3σ∗(G)2 + 7.5σ∗(G) + 11. This bound was improved to |ρ(G)| ≤ 7σ(G) by Casolo
and Dolfi [3, Theorem 2]. Up to now the best known bound for G solvable is |ρ∗(G)| ≤ 4σ∗(G)
by Zhang [32].
Theorem A yields linear bounds for arbitrary solvable groups in both versions of the
problem. Thus, it provides a unified approach to the character-theoretic and the conjugacy
class version of the ρ−σ conjectures. The following theorem is about the character-theoretic
version of the ρ− σ conjectures.
Theorem 6.1. Suppose that M is a normal elementary abelian subgroup of the solvable
group G. Assume that M = CG(M) is a completely reducible G-module (possibly of mixed
characteristic). Set V = Irr(M) and write V = V1 ⊕ · · · ⊕ Vm for irreducible G-modules Vi.
For each i, write V = Y Gi for primitive modules Yi. Then there exists Irr(G) whose degree
is divisible by at least half the primes of π0(G/M).
Proof. We may write each Vi as a direct sum of the G-conjugates of Yi, i = 1, . . . , m.
Consequently, V = X1 ⊕ · · · ⊕ Xn for subspaces Xi of V permuted by G (not necessarily
transitively) with {Y1, . . . , Ym} ⊆ {X1, . . . , Xn}. Furthermore, ifNi = NG(Xi), Ci = CG(Xi)
and Fi/Ci = F(Ni/Ci), then Xi is a primitive, faithful Ni/Ci-module. We denote by N i =
Ni/Ci.
Let N =
⋂
iNi ⊳G be the kernel of the permutation representation of G on {X1, . . . , Xn}.
Since
⋂
i Ci = M , we have
⋂
i Fi/M = F(N/M) ⊳ G/M . Let F =
⋂
i Fi, so that F/M =
F(N/M).
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By Lemma 2.11, we may choose ∆ ∈ {X1, . . . , Xn} such that stabG(∆)/N is a {2, 3}-
group. Furthermore, we can assume that ∆ intersects each G-orbit non-trivially. Without
loss of generality, ∆ = {X1, . . . , Xl} for some l ∈ {1, . . . , n}.
Let ∆i1 = Y
G
i ∩∆ and ∆i2 = Y
G
i \∆i1 where Yi ∈ {Y1, . . . , Ym}.
Thus, for j ∈ ∆i1, we may choose non-principle λj = λ
g
ia ∈ Xj such that there exists
a normal subgroup Kj ⊆ F2(N j) and for any H ∈ Hallpi0(N j), we have CH(λj) ⊆ Kj by
Theorem 3.2. The π0-subgroups of (Kj ∩F2(N j))F(N j)/F(N j) are abelian. For j ∈ ∆i2, we
may choose λj = λ
g
ib ∈ Xj such that there exists a normal subgroupKj ⊆ F2(N j) and for any
H ∈ Hallpi0(N j), we have CH(λj) ⊆ Kj . The π0-subgroups of (Kj ∩ F2(N j))F(N j)/F(N j)
are abelian. Here λia and λib belong to different Ni orbits.
We define λ = λ1 . . . λn ∈ V .
Finally suppose that Q ∈ Sylq(G) for a prime q ≥ 5, and Q centralizes λ. Thus Q ⊆
stabG(∆). But stabG(∆)/N is a {2, 3}-group. Thus Q ⊆ N and we know that Q ⊆ K =⋂
Kj ⊆ F2(N/M) and the π0-subgroup of KF/F is abelian.
Since λi is non-principle for i = 1, . . . , l, λi is not centralized by a non-trivial Sylow q-
subgroup of Fi ∩N/Ci ∩ N by Theorem 2.2(6). Since Q ∩ Fi ∈ Sylq(Fi ∩ N), we have that
q ∤ |Fi∩N/Ci∩N | for i = 1, . . . , l. By our choice of ∆, each Fj/Cj(j = 1, . . . , n) is conjugate
to some Fi/Ci with i ∈ {1, . . . , l}. Hence
q ∤ |Fj ∩N/Cj ∩N |
for all j = 1, . . . , n. Since
⋂
iCi = M and
⋂
i(Fi ∩ N) = F , we have that q ∤ |F/M |. We
have seen above that Q ⊆ K and so q ∤ |G/K|, Thus |G : CG(λ)| is divisible by every prime
p ≥ 5 in π0(G/K) ∪ π0(F/M).
Let Z = N/M , observe that W = Irr(F(Z)/Φ(Z)) is a faithful and completely reducible
Z/F(Z)-module. Since the π0-subgroup of KF/F is abelian, there exits µ ∈ W such that
|KF/F |pi0 | µ(1).
Now let
β ∈ Irr(G|µ) and χ ∈ Irr(G|λ).
By the last two paragraphs, β(1) is divisible by every prime in π0(KF/F ) and χ(1) is
divisible by every prime in π0(G/K) ∪ π0(F/M). The conclusion of the lemma is met with
θ = β or θ = χ. 
The following theorem obtain the known bound of the character version of the Huppert’s
ρ − σ conjecture for G solvable. The bound we obtain here is the same as what Manz and
Wolf obtained in [18, Theorems 1.4].
Theorem 6.2. Let ρ(G) to be those primes that divide the degree of some irreducible char-
acter of G, i.e., p ∈ ρ(G) if and only if p divides |G : F(G)| or Op(G) is non-abelian. Let
σ(G) denote the maximum number of primes dividing the degree of an irreducible character
of G. If G is solvable, then |ρ(G)| ≤ 3σ(G) + 2.
Proof. Let R = {r prime | Or(G) ∈ Sylr(G) and Or(G) is non-abelian} and F = F(G).
Certainly ρ(G) ⊆ π(G/F ) ∪R and by Ito’s Theorem [16, 12.33], equality holds.
F(G)/Φ(G) is a faithful completely reducible G/F -module. Applying Theorem 6.1 with
G/Φ(G) and F(G)/Φ(G) in the role of G and M , there exists χ ∈ Irr(G) with |π0(χ(1))| ≥
16
|π0(G/F )|/2. Hence σ(G) ≥ |π0(G/F )|/2. Now
∏
r∈R Or(G) ⊳ G and each Or(G) is non-
abelian. Thus there exists η ∈ Irr(G) such thatR ⊆ π(η(1))). Since σ(G) ≥ max{|R|, |π0(G/F )|/2}
and since ρ(G) = π(G/F ) ∪R ⊆ π0(G/F ) ∪R ∪ {2, 3}, the result follows. 
Using the same argument, one may get a similar result for the conjugacy class version of
the Huppert ρ− σ conjectures (i.e. If G is solvable, then |ρ∗(G)| ≤ 4σ∗(G) + 2).
References
[1] C. Casolo, ‘Prime divisors of conjugacy class lengths in finite groups’, Rend. Mat. Acc. Lincei, ser (9) Mat. Appl. 2 (2)
(1991), 111-113.
[2] C. Casolo and S. Dolfi, ‘Conjugacy class lengths of metanilpotent groups’, Rend. Sem. Mat. Univ. Padova 96 (1996),
121-130.
[3] C. Casolo and S. Dolfi, ‘Prime divisors of irreducible character degrees and of conjugacy class sizes in finite groups’, J.
Group Theory 10 (2007), 571-583.
[4] A. Espuelas, ‘Large character degree of groups of odd order’, Illinois J. Math 35 (1991), 499-505.
[5] A. Espuelas and G. Navarro, ‘Blocks of small defect’, Proc. Amer. Math. Soc. 114 (4) (1992), 881-885.
[6] W. Feit, The representation theory of finite groups, North-Holland, Amsterdam, New York, and Oxford, 1982.
[7] GAP. The GAP Group, GAP-Groups, Algorithms, and Programming, Version 4.3, 2002.
[8] D. Gluck and T.R. Wolf, ‘Brauer’s height conjecture for p-solvable groups’, Trans. Amer. Math. Soc. 282 (1) (1984),
137-152.
[9] R. Gow, ‘On the number of characters in a p-block of a p-solvable group’, J. Algebra 65 (1980), 421-426.
[10] A. Granville and K. Ono, ‘Defect zero p-blocks for finite simple groups’, Trans. Amer. Math. Soc. Vol.348, No.1 (1996),
331-347.
[11] F. Hiroshi, ‘On the existence of p-blocks of defect 0 in p-nilpotent groups’, J. Algebra 222 (1999), 747-768.
[12] F. Hiroshi, ‘On the existence of p-blocks of defect 0 in solvable groups’, J. Algebra 230 (2000), 676-682.
[13] B. Huppert, Finite Groups I, Springer-Verlag, Berlin, 1967.
[14] B. Huppert and N. Blackburn, Finite Groups II, Springer-Verlag, Berlin, 1982.
[15] B. Huppert, Character Theory of Finite Groups, deGruyter, Berlin, 1998.
[16] I.M. Isaacs, Character Theory of Finite Groups, Dover, New York, 1994.
[17] G. Michler, ‘A finite simple group of Lie type has p-blocks with different defects, p 6= 2’, J. Algebra 104 (1986), 220-230.
[18] O. Manz and T.R. Wolf, ‘Arithmetically large orbits of solvable linear groups’, Illinois J. Math. 37 (4) (1993), 652-665.
[19] O. Manz, T.R. Wolf, Representations of solvable groups, London Mathematical Society, Lecture Notes Series 185, Cam-
bridge University Press, Cambridge, 1993.
[20] A. Moreto´, ‘Characters of p-groups and Sylow p-subgroups’, Groups St. Andrews 2001 in Oxford, Cambridge University
Press, Cambridge, 412-421.
[21] A. Moreto´, ‘A proof of Huppert’s ρ-σ conjectures for nonsolvable groups’. Int. Math. Res. Not. 54 (2005), 3375-3383.
[22] A. Moreto´ and T.R. Wolf, ‘Orbit sizes, character degrees and Sylow subgroups’, Advances in Mathematics 184 (2004),
18-36.
[23] K. Podoski and B. Szegedy, ‘Bounds in groups with finite abelian coverings or with finite derived groups’, J. Group Theory
5 (2002), 443-452.
[24] D.A. Suprunenko, Matrix Groups, Volume 45, Translations of Mathematical Monographs.
[25] A. Turull, ‘Supersolvable automorphism groups of solvable groups’, Math. Z. 183 (1983), 47-73.
[26] W. Willems, ‘Blocks of defect zero in finite simple groups of Lie type’, J. Algebra 113 (1988), 511-522.
[27] Y. Yang, ‘Orbits of the actions of finite solvable groups’, J. Algebra 321 (2009), 2012-2021.
[28] Y. Yang, ‘Regular orbits of finite primitive solvable groups’, J. Algebra 323 (2010), 2735-2755.
[29] Y. Yang, ‘Regular orbits of finite primitive solvable groups, II’, J. Algebra 341 (2011), 23-34.
[30] Y. Yang, ‘Regular orbits of nilpotent subgroups of solvable linear groups’, J. Algebra 325 (2011), 56-69.
[31] J. Zhang, ‘p-regular orbits and p-blocks of defect zero’, Comm. Algebra 21 (1993), 299-307.
[32] J. Zhang, ‘On the lengths of conjugacy classes’, Comm. Algebra 26 (1998), 2395-2400.
Department of Mathematics, University of Wisconsin-Parkside, 900 Wood Road, Kenosha, WI 53144, USA.
E-mail address: yangy@uwp.edu
17
